Omega-analysis and 0.999... (rough translation)

Curt Schmieden and Detlef Laugwitz developed the so-called omega-analysis (a form of
differential and integral calculus with infinitely great and infinitely small numbers). This
system can be considered as a precursor to the more comprehensive and abstract non-
standard analysis of Abraham Robinson. In the omega-analysis, we can construct a type of
decimal numbers (the parareal numbers) for which 0.999... < 1.000... .

Omega-analysis

The basic ideas of omega-analysis are essentially quite simple. (For more information see [8], [14]
and [16].) This system of the German mathematicians Curt Schmieden (1905-1992) and Detlef
Laugwitz (1932-2000) is to be regarded as a precursor of the non-standard analysis of Abraham
Robinson [13]. The mathematical relationship between omega-analysis and non-standard analysis is
treated in [8]. Schmieden and Laugwitz base their system on infinite sequences of real or rational
numbers that are added and multiplied component wise. These sequences they consider as omega-
numbers (2-Zahlen). For convenience, we here work with sequences of real numbers. Sequences
that have the same number for each component correspond to the ordinary real numbers. Thus, the
numbers 1, 2 and V3 correspond to:

(1,1,1,1,...,1,..) ,
2,2,2,2,..,2,..) &
(V3,3, V3,43, ..., 33, ).

The sum and the product of the second and third sequence are:

(2+V3, 2443, 2443, 2443, ..., 243, L),
2AN3,243,243,243,...,243,..).

In the same way 'copies' of all the real numbers find their place in omega-analysis. For convenience,
we wil denote a sequence in which all components are equal to a real number a by a*. We will call
them omega copies. With such sequences we can calculate as if they were the actual real numbers

themselves.

But al/l omega-numbers a and b - whether they are omega-copies or not - can be written in the form:

a=(a0,a1,az,a3,...,an,...),
b=(by,b,,by,bs,...,b ,..).

In the general case we therefore have:

a+b=(a0+b0,al+b1,a2+b2,a3+b3,...,a +bn,...),

n
a.b=(a;.by,a,.b,a,.b,,a;.b5,...,8 .b,..).

Further we call a equal to b (written as a = b) then and only then whena =b_~ for all natural

numbers n (including 0).

We call a finally equal to b (written as a =~ b) then and only then when there exists a natural
number N such thata_ =b_for all n>N.



We call a approximately equal to b (written as a = b) then and only then when for any positive real
number ¢ (no matter how small) there is a natural number N such that | a - b, | <¢ forall

natural numbers n > N.
Whenever two omega-numbers are equal, they are also finally equal and approximately equal. And

whenever two omega-numbers are finally equal, they are also approximately equal.

Commutative ring
It is easy to show that the omega-numbers together with the above introduced addition + and
multiplication . satisfy the following properties:

(1) For all omega-numbers a and b the sum a + b and the product a . b are also omega-numbers (so
that + and . are internal operations).

(i1) For all omega-numbers a and b we have:a+b=Db+a and a.b=b.a (commutativity).

(i11) For all omega-numbers a, b and ¢ we have:a+(b+c)=(a+b)+canda.(lb.c)=(a.b).c
(associativity).

(iv) For all omega-numbers a, b and ¢ we have: a. (b +c¢)=a.b + a .c (distributivity).

(v) There exists an omega-number 0 such that a + 0 = a for all omega-numbers a (existence of a
zero-element).

(vi) There exists an omega-number 1 # 0 such that a.1=a for all omega-numbers a (existence of
an one-element).

(vii) For all omega-numbers a the equation a + x =0 has an omega-number X as a solution
(existence of an opposite).

The zero-element 0 and the one-element 1 are:

0 = (070707 707
( 1

s 0,0,
1=, 1L1,.., .

)

Clearly for all omega-numbers a there exists an opposite -a . To see this let us write the omega-
number a as:

a= (aO,al,az,a3,...,an,...).

Than the omega-number -a with:

-a = (-aO s 8y, "8y, <Ay, e, <A, )
clearly satisfies the equationa+-a = 0.

We define the difference a - b of two omega-numbers a and b as: a + -b.

That the other properties are also satisfied, can easily be proven from corresponding properties of
the real numbers.



A (number) system that satisfies properties (i) to (vii) in abstract algebra is called a commutative
ring. Therefore our system of the omega-numbers with the indicated addition and multiplication is a
commutative ring.

Ordering
For convenience, we here and later write {x}, for the k-th component x, of the omega-number:

X = (xo,xl,xz,x3,...,xn,...).
The ordering of the omega-numbers we define as follows.

We call a greater than b (written as a > b) then and only then when there exists a natural number
N such that {a} > {b} foralln>N.

We call a smaller than b (written as a <b) then and only then when there exists a natural number
N such that {a} < {b} foralln>N.

We can write the omega-numbers a* and *, which correspond to the real numbers o and B, as the
constant sequences:

For which it of course holds that:

a* = B* then and only then when a =3,
a* > pB* then and only then when o> f3,
a* < B* then and only then when a <J3 .

Thus we see that our definition for the ordering of the omega-numbers respects the usual ordering
of the real numbers.

For the omega-copies 0.999...* and 1* (of the real numbers 0.999... and 1) in particular it holds
that: 0.999...* = 1*. This can be seen as follows. The equality or inequality of two omega-copies
a* and P* (of the real numbers a and B) is determined by comparison of the corresponding
components of a* and B*. But all components of a* are a and all components of B* are 3. The
equality or inequality of the two omega-copies a* and B* therefore depends on the equality or
inequality of the real numbers o and [ . But within the system of the real numbers it holds that
0.999... and 1 are equal. Therefore the same has to hold for 0.999...* and 1*. Only later in this
article will we introduce the parareal numbers. These will be defined independently of the omega-
copies. As we will then see the parareal numbers «+0.999...» and «+1.000...» are unequal.

There are omega-numbers a and b for which none of the five relationsa=b, a~b, axb, a>b
or a <b applies. An example is:

(1,0,1,0,1, ..., 1,0, ...
0,1,0,1,0,..,0,1, ...

1 1 ),
,0,...,0, .

a
b )

2

Because we are going to need it anyway, let us here already define the absolute value | a | of an
omega-number a. For:



a= (ao,al,az,a3,...,an,...),
we set:
|a| = (|a0|, |a1|, |a2|, |a3|,..., |an|,...).
Finally, let us give an example. Let:
a=1(0,1,2,3,2,1,0,-1,-2,-3,-2,-1,0,1,2,3,2,...) .
Then:
-a=(0,-1,-2,-3,-2,-1,0,1,2,3,2,1,0,-1,-2,-3,-2, ...) .
And also:
la|=]-a]=10(,1,2,3,2,1,0,1,2,3,2,1,0,1,2,3,2,..).
Infinitely great and infinitely small omega-numbers
The nice thing is that we can now easily imagine a sequence whose components keep on increasing.
By the omega-number 2 we mean:
Q=(0,1,2,3,..,n,..).
The components of this sequence Q eventually pass by any chosen positive real number o . So:
| Q | > o*,
for all positive real numbers o . Omega-numbers with this property we call infinitely great.
A precise definition runs as follows: We call an omega-number a infinitely great then and only then

when for any positive real number r (no matter how great) there is a natural number N such that:
| {a} | >r forall n>N.

We can also have infinitely small or infinitesimal omega-numbers. The following example ® is
found by taking (except for the first component) the reciprocal of the components of the previous
sequence:

o= (,1,%"%,..,1n,..).

The components of this sequence ® (except for the first component) keep on becoming smaller and
smaller but remain positive. For any positive real number a there is indeed a point beyond which the
components of the above sequence are smaller but still positive. So:

0<|o| <o*,

for all positive real numbers o . The omega-numbers with this property we call infinitely small (or
infinitesimal).



A precise definition runs as follows: We call an omega-number a infinitely small or infinitesimal
then and only then when for any positive real number € (however small) there is a natural number N
such that: 0 < | {a} | <g foralln>N.

(Here we do not consider zero an infinitesimal. This has advantages and disadvantages. So whether
we do it or not is a matter of convention.)

For ®.Q2 we find:

0.Q = (1.0,1.1,%2%3, .. ,1n.n,.),
0Q=01,1,1,..,1,.).

So:0w.Q # 1 (butw.Q ~ 1).

Division doesn't always work

For all real numbers x except 0, the reciprocal number 1/x exists. To make a function g out of it of
all real numbers (that is including 0) to the real numbers, we define:

q(x)=1/xforx#0, and g(0)=0.

We can always apply such a trick to transform real functions that are not defined for all real
numbers, into real functions that are defined for all real numbers. This has the disadvantage that the
so obtained function has meaningless zero results for certain arguments. The advantage is that we
do not need to worry about any possible restrictions in the domain of the real functions, when
extending those real functions to functions from the omega-numbers to the omega-numbers.

Next we define the function ¢g* from the omega-numbers to the omega-numbers as follows:

For all arguments:

X = (xo,x1 ,xz,x3,...,xn,...),

let:

g*(x) = (q(xy), g(X; ), g(X5 ), g(X5 )5 e, (X, )5 o) -
Also, we call an omega-number:
a=(a;,8;,8,8;,..,8,..),

zero-free exactly then, when none of the components 85,8 ,8y,85,...,4 . 1s equal to 0.

.
For all zero-free omega-numbers a we than have:

g*@).a = (q(ay), q(a; ), q(ay ), q(as ), ..., ga, ), ...) . (@5, 8, , 85,83, .., 8, ...),
q*(@).a = (q(ay). a,,q(a, )a;,q,)a,,q(@;)a,,..,q(@ )a,,..),
q*(a).a = ((1/ay).a,,(1/a; ).a;, (1/a,).a,, (1/a;).ay, ..., (1/a )a_,..),

g*t(@).a=(1,1,1,1,...,1,..),
g*(a).a = 1.



For all omega-numbers a* (with a # 0) in particular, we find:
g*¥(a*).o* = 1.

Therefore, when dealing with omega-numbers we can divide by a* (for a # 0). Just as in the
ordinary real numbers.

An omega-number a we call finally zero-free then and only then when there exists a natural number

N such that none of the components ANy > ANto o ANag > e o g o - 18 equal to 0.

An example is Q. We find:

q*(Q) = ¢*((0,1,2,3,...,n,..),

q*(©) = (4(0), g(1), 9(2), ¢(3), ..., g(n), ...) ,

qg*(QQ) = (0,1, %, %, ..., 1/n, ...).

It is now easy to verify that:

g¥(Q)).Q ~ 1.

This can be generalised. We will now prove that for a// finally zero-free omega-numbers a we have:
g*(a).a ~ 1.

Proof: For a we again write:

a= (ao,al,az,a3,...,an,...),

It then follows that:

g*@).a = (q(ay), q(@, ), q(ay ), q(as ), ..., ga, ), ...) . (@5, a,, 85,85, .., 8 ,...),
g*(@).a = (q(a;).a;,q(@;).a;,q9(a,).a,,q9(@;).2a;,..,9(@,).a,,..).

Since for all finally zero-free omega-numbers a there is a natural number N such that none of the

components ay, 1, 8y » g3 s - > dniy 0 - 18 €qual to 0, we from the natural number N on get:

qaney ) -any = (Magy ) .agy = 1,
q(any) - angy = (Magy, )

Q(aN+3 ) aN+3 T (l/aN+3 ) N3 T L

o
I
Jr—

N+2

**

q(aN+n) “AN#n T (l/aN—m) '

o
I
[S—

N+n

The product g*(a) . a therefore is of the form:
g*(a).a = (co,c1 €y Cyyes Oy I 1L 1 .., 1,..).

Thus: g*(a).a ~ 1.



Which completes the proof.

So we for all zero-free omega-numbers a have: g*(a).a = 1.
And we for all finally zero-free omega-numbers a found: g*(a) .a ~ 1.

(Note that zero-free omega-numbers are always finally zero-free.)

This leads us to define the omega-reciprocal number a”! for all zero-free and also all finally zero-
free omega-numbers a as:

al = g*(a).

Furthermore we define the division a:b for all omega-numbers a and for all zero-free and finally
zero-free omega-numbers bas: a:b = a.b"!.

Hence for all omega-numbers a and all zero-free omega-numbers b we have:

(a:b).b=(a.bH.b,

(a:b).b = a (bl b),
(a:b).b = a.(g*Db).b),
(a:b).b=a.1,
(a:b).b = a.

And for all omega-numbers a and all finally zero-free omega-numbers b we get:

(a:b).b=(a.bH.b,
(a:b).b = a.(bl.b),
(a:b).b = a.(g*(b).b),
(a:b).b ~ a.l,
(a:b).b
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a.

There are however omega-numbers a # 0 that are not finally zero-free. The following sequence is
an example:

0,1,0,1,..,0,1,...) .

For such omega-numbers a, in a trivial way g*(a) is still defined. But there are no omega-numbers b

suchthat b.a = 1 or b.a ~ 1. Therefore we have not defined the omega-reciprocal number a’!
for omega-numbers that are not finally zero-free. Division goes very well for all zero-free omega-
numbers, and we can manage (by using the final equality =) for all finally zero-free omega-
numbers. But as we have seen, for some omega-numbers different from 0 division is not possible.
To this peculiarity of omega-analysis we have to keep continuously alert.

Functions

In the definition of the opposite -x of an omega-number X, of the absolute value | X | of an omega-
number x and of the image ¢*(x) for an omega-number x, we see a similar pattern. Always a
function from the (set of) real numbers to the (set of) real numbers is transformed into a function
from the (set of) omega-numbers to the (set of) omega-numbers by applying the original real
function on the components of the omega-numbers that are playing the role of arguments.



Indeed, for:

X:(XO,Xl,X2,X3,...,Xn,...),

we have:

-X =(-x0, Xis Xy, -x3,...,-xn,...),
|X| =(|X0|, |x1|, |x2|,|x3|,...,|xn|,...),

‘]*(X) = (q(X() )’ Q(Xl )5 Q(Xz )) Q(X3 )7 LA Q(Xn) ’ ) .
(The addition and multiplication of two omega-numbers follow the same pattern as well.)

For all functions f from the real numbers to the real numbers, we will now consider the function f*
from the omega-numbers to the omega-numbers to be the function that is defined by the following
scheme:

(x) = (f(xg)s f(x) ), f(x,), (X5 ), oo, fX)s o) -
Or more explicit:
P((Xg > Xq 5 Xg s Xy s s X5 -0)) = (f(X(), (X)), f(x5), f(X5), ., f(X)), )

This function f* can be regarded as a translation to the realm of omega-numbers of the original real
function f. But is f* a 'faithful version' of f ? Suppose a real function f has the real image = f(a)
for a real argument o . Then of course a* and f* are the omega-copies of a and . Now we would
like the function f* to have the image p* = £*(a*) for the argument a*. Only then can we consider
f* to be a generalisation of f. Let us see if this is so.

Suppose that f'is a function from the real numbers to the real numbers. Further let us assume that 3
= f(a) for some real numbers a and B. Then we get:

*(o*) = (o, a,0,0,..,0,..)),
*(a*) = (f(n), f(a), f(a), f(a), ..., (o), ...),
t*(a*) = B, B, B, B, ..., B, ),

f*(a*) = p*.

So f* is indeed a generalisation of f. Therefore in practice we can often omit the asterisk. Because
omega-copies a* behave just like the real numbers a, the asterisk on omega-copies can in practice
also often be omitted. However, during the explanation of the theory a clear distinction between real
numbers and omega-numbers and between functions f from the real numbers to the real numbers
and functions f* from the omega-numbers to the omega-numbers is indispensable.

Identities
Real identities are equations that are true, whatever real numbers we substitute for the individual
variables. Examples are:

(@) x+y)? =x>+2.x.y +y>

(b) exp(x ty) = exp(x) . exp(y),
(c) sin(2.x) = 2.sin(x) . cos(x) .



Such identities are frequently used in mathematics. We can prove that generalised forms of these
identities apply to the omega-numbers. Here we will only proof the validity within omega-analysis
of a generalisation of (b). Other identities can be treated in the same way. All such proofs are based
on the fact that omega-numbers are - by definition - infinite sequences of real numbers.

For all omega-numbers:

X = (xo,xl,xz,x3,...,xn,...),

y = (y09y1 3y2by37'~'3yn9"')3
we have:

exp(Xy + ¥ ) = exp(xy ) - exp(y, ) ,
exp(xl Ty, )= exp(xl ) - exp(yl ) >
exp(xz Ty, )= exp(xz ) - exp(}’z ) s
exp(xy +y3) = exp(x3) . exp(y; ),

exp(x, Ty, ) =exp(x, ) . exp(y, ),

That is:

exp({xty} ) = {exp*(X)}, - {exp*(¥)}
exp({xty}, ) = {exp*(¥)}, . {exp*(¥)}, ,
exp({xty}, ) = {exp*(x)}, . {exp*(y)},,
exp({xty};) = {exp*(X)}; . {exp*(y)};,

.e.)‘q’)({x-l-y}n )= {exp*(X)}, - {exp*(V)}, »

Which gives:

{exp*(xty)}, = {(exp*(x) . exp*(¥)) i »
{exp*(x+y)}; = {(exp*(X) . exp*(y))} ,
{exp*(x+y)}, = {(exp*(X) . exp*(¥))}, ,
{exp*(x+y)}; = {(exp*(X) . exp*(y))} 5 ,

{exp*(x+y)}. = {(exp*(x) . exp* (V)] .

So:

exp*(xty) = exp*(x) . exp*(y) .

Which completes the proof.



Limits
Statements about limits in 'usual' analysis can often be translated into statements on the approximate
equalness in omega-analysis. We give two important examples:

Limits of sequences

For the limit of an infinite sequence of real numbers 8y,8;,8y,85,...,8 ,... Weuse the

following definition:

Let L be a certain real number. Then we denote the proposition that for any positive real number &
(no matter how small) there is a natural number N such that | a -L | < ¢ foralln> N by:

liman = L.

n— oo

The above mentioned sequence of real numbers corresponds to the omega-number:

Now it holds, as one can easily verify, that:

liman= L & a=L*.

n— oo

Which means that the first and second statement are logically equivalent: if the first statement is
true the second also has to be true, and vice versa.

Limits of functions

Let f' be a function from the real numbers to the real numbers. We again consider f* to be the
previously defined generalisation of fto a function from the omega-numbers to the omega-
numbers. The proposition that for a real number L there exists for any positive real number € (no
matter how small) a positive real number 6 such that 0 < | X-a | < 9§ implies | f(x)-L | <g, we
denote as:

Iimf(x)=L (o)

Then the above assertion (o) is logically equivalent to the undermentioned assertion ():

For all zero-free infinitesimal omega-numbers h it holds that f*(a* +h) = L* (B)
Proof: We have two things to prove. First (a) = (p) and second () = (o).

We start with (@) = (). Let us therefore assume that () is true. And let ¢, be a positive real
number. Then there is a positive real number 6 such that 0 < | X-a | <0 implies | f(x)-L | <g.

Let 3, be such a positive real number. Then we have:

0<|x-a|<s, = |fx)-L|<g,.



If h is a zero-free infinitesimal omega-number then for our 3 there has to be a natural number N
such that 0 < | A | <39, for all natural numbers n > N . Let N, be such a number. Then it follows
that:

n>N, = 0<|{h} |<§,
n>N, = 0<|(@+{h} )-a|<3,.

And consequently we get:

n>N, = 0<|@+{h} )-a|<§, = |[fa+{h} )-L|<g,,
n>N, = [fla+{h} )-L|<g,,

n>Ny, = |f({fa*} +{h} )-{L*} |<g,,

n>N, = |[f({a*+h} )-{L*} [<g,,

n>N, = |{f@*+h)} -{L*} |<¢,.

For g, we only assumed it to be is a positive real number. And for h we only assumed that it is a
zero-free infinitesimal omega-number. So there are for all positive real numbers ¢, and all zero-free

infinitesimal omega-numbers h corresponding N, such that:

n>N, = |{f@*+h)} -{L*} |<g,.

Thus for all zero-free infinitesimal omega-numbers h it holds that:

f*(a* +h) = L*.

Wherewith it is proved that from:

M E(X) = L ettt ettt et et ettt eennaens (),
X—a

it follows that:

f*(a* +h) = L*, for all zero-free infinitesimal omega-numbers h ...................... B) .

Next we prove that () = (o). Thus we now assume that (B) is true. In this case, it holds for each
zero-free infinitesimal omega-number h that:

f*(a* +h) = L*.

Now let g be such a zero-free infinitesimal omega-number. For convenience, we will write:
g = (8,818,838,

Then there is for every positive real number € a natural number N such that:

| {f*(a* +g)} - {L*} |<e forall natural numbers n>N.



The expression U = | {f*@* + o)}, - {L*} | from the above we can rewrite as:

| (Fa* + )}, - {L*}, |,
| f(fa* +g} )-L]|,

= | f(a*} + (g}, ) - L],
|f(a+gn)-L|.

So for any positive real number ¢ there is a natural number N such that:

| flatg )-L | < ¢ for all natural numbers n > N .

And hence:

lim flat+g ) =1L.

n— oo

Because for our particular g we only assumed it to be a zero-free infinitesimal omega-number, the
above follows for all such zero-free infinitesimal omega-numbers. Therefore we may in the
undermentioned general formulation again use h. For convenience, we write:

h = (hy,hy,hy, by, h o).

1>72°>732>>"n
Thus we find:
lim f(a+h_ ) = L, forall zero-free infinitesimal omega-numbers h ....................... (v)
n— oo

So we have proven that: (§) = (y).

Now suppose that (o) would not hold. Then:
lim f(x)=L,

X—a

would not be true. Thus there should have to be at least one positive real number ¢ for which there
is no positive real number 6 such that 0 < | X-a | <d implies | f(x) - L | <eg.Letg, besucha

number. Then for g there is no positive real number 6 such that from 0 < | X-a | <9 it follows
that | f(x) - L | < g, . Thus whatever positive real number 6 we choose, there are always values of x
that satisfy 0 < | X-a | < but for which | f(x)- L | > &, . We now choose for all natural

numbers 0, 1, 2, 3, ..., n, ... for d the positive real numbers Bn = 10™. Then there are values for x
called: Xg»>X] s Xy 5 Xg 5 ee. such that:

0<|x,-a| <§, =1 & |f(x,)-L]| =g,
0<|x,-a| <8, =110 & [f(x;)-L|=>¢,,
0<|x,-a| <8, =1/100 & |f(x,)-L]|=>¢,,
0< |x;-a] <8, = 1/1000 & |f(xy)-L| > ¢,,

ey

0<|x, -a| <8,

10" & |fix,)-L|=>¢g,,



We now form the omega-number y, withy =x_-a. Thus we get:
y = (xo-a,xl-a,xz-a,x3-a,...,x

We can easily verify that y is a zero-free infinitesimal omega-number. And we also see that:

|fla+y,)-L]| > g,
|fla+y,)-L| > ¢,
|fla+y,)-L]| > g,
|fla+ys)-L| > g,

|f(a+yn)—L| > &y,

Thus it does not now hold that:

lim fla+ty ) =L,

n— oo

for the zero-free infinitesimal omega-number y.

This result however is in contradiction with (y). Thus we have found that from the assumption that
(o) is not true (written as —(a)) it follows that (y) is not true (written as —(y)). Symbolically:

(o) = ~(y).
We already proved that: (B) = (y). Further: in case that (B) is true, it cannot happen that (o) is false,

because then (y) would have to be both true and false. Consequently: in case that (B) is true, (o) also
has to be true. That is:

B = (o).

This completes the proof.

The above allows us to convert a number of basic rules for limits in the usual type of analysis into
elementary rules for the 'approximate equalness' in omega-analysis.

Infinite series

In the usual type of analysis, the sum S of an infinite series:

a0+al+a2+a3+... +an+...

2

is defined as the /imit of the sequence of partial sums:

0
Sp = 2 & = 2,
i=0



S; =Xy =ayta,

S, = Xa =ayta ta,,

Sy =Ya =a,ta, ta,ta,,
n
S, = Xa =a,ta ta,ta;+..+a,

n
Thatis: S = lim S = lim } a,.
n— o n—o i=0

Because the above limit does not in all cases exist, the sum of an infinite series is not always
defined.

The connection of all this with the omega-analysis can be established as follows. Because for every
infinite series of real numbers:

a0+a1+a2+a3+...+an+...,

all partial sums So> 51555585, .., S, ... exist and moreover are real numbers themselves, the
infinite sequence of these partial sums defines the omega-number S' with:

S' = (Sgs > Sy Sgs s Spv ) -

b n’

Previously, we found the undermentioned relationship between the limit of an infinite sequence of
real numbers and the approximate equalness of the omega-numbers therewith related:

lim b =L < b= L¥,
n— oo

where: b = (bo , b1 , b2 , b3 s D L)

5 n 2

(To avoid confusion with the terms of the earlier mentioned infinite series, we have here used b's
instead of a's.)

Applied to our infinite series we get:

limS =L < S'=L*.
n— oo
Another approach generalises the partial sum S so that it can also be determined for infinitely great

natural omega-numbers n. This however requires us to know which omega-numbers may be



considered as being natural omega-numbers. We define:

Only those omega-numbers will be called natural omega-numbers of which all components are
natural numbers.

Now let S(x) = S, for all natural real numbers x, and S(x) = 0 for all non-natural real numbers x.

Then S(x) is a function from the real numbers to the real numbers. We already explained how to
generalise functions from the real numbers to the real numbers to functions from the omega-
numbers to the omega-numbers. So we can also generalise our real function S(x) to a function S*(x)
from the omega-numbers to the omega-numbers. Now it so happens that we are only interested in
those images S*(x) for which x is a natural omega-number. For such x we will write S*(x) as S*_ .
By using this generalised partial sum S* , we can now calculate partial sums for infinitely great

indices.
To give an example, for n = Q we find:

S*5 = (Sg»S;+Sy>S3ssS, ) = S

3 n b

Or written differently (where we have omitted the asterisk):

Q

Ta=(,S,.S,8,.,S,.) = S.

i=0

Every infinite series of real numbers (whether or not it has a limit in the usual sense) can thus in

principle be calculates by the methods of omega-analysis. The result wil always be an omega-
number.

Even 'foolish' series such as:

l+-1+1+-1+1+-1+...,
1+2+3+4+5+6+7+ ...,

3+1.101+4.102+1.103+5.104+9.10°+ ...,

sum to omega-numbers. The last series is a kind of revolved pi. So as we see from this example, by
using omega-analysis it is also possible to introduce infinitely great 'decimal numbers' with
infinitely many digits to the left of the decimal point. (I do not here mean the 10-adic numbers.)
Even numbers with infinitely many digits both left and right of the decimal point are possible. For
instance:

-...9...9999.343434343434343434343434 ... 34 ....

In such cases we may use the sequence of partial sums:

S, = +(ay)

S, = +(a, .10 +ay+a_ .107)

S, = +(ay.10%+a, .10 +a,+a_ .10 +a ,.10?)

S, = +(ay.10°+a,.10° +a, .10 +a,+a .10 +a ,.10% +a ;.107)

S, = +(a, 10"+ .. +a;.10° +a,.102+a, .10 +a +a_ .10 +a ,.102+a ,.107 .. +a_ .10T)

(+ for positive and - for negative numbers)



In my younger years, I for a long time searched for a foundation of such 'numbers'. Well - here it is!
Later I discovered that the Usenet celebrity Archimedes Plutonium also considered such 'doubly
infinites' (see [11] and [12]). A more serious approach is that of Frank C. DeSua. Double-sided
infinite decimal expressions that at their left side ultimately become periodical he calls double
decimals. DeSua has invented an interpretation under which they actually represent real numbers
[2]. The problem however with all such creations is not their logical possibility (with the concepts
and techniques of modern mathematics the most strange mathematical objects can be created), but
whether they lead to any interesting mathematics. A difficult point ...

Differential quotient and derived function
Let f be a function from the real numbers to the real numbers. Then we define the differential
quotient (df*/dx)(x) of f* for the argument x and the zero-free infinitesimal dx as:

(dPF/dx)(x) = (P*(x+dx) - F*(x)) . (dx)!.
It is clear that this differential quotient always exists.

The derivative function f' of the function f from the real numbers to the real numbers does not
always exist. Within the usual type of analysis, for every real argument a for which the limit exists
the derivative function f' is defined as:

f'(a) = lim (f(at+h) - f(a)).h! .
h—0

Now we can prove that:

f'la) = L < [(df*/dx)(a*)~=L*, for all zero-free infinitesimal omega-numbers dx] .

Proof: For convenience, we use some abbreviations. We denote the statement that f'(a) = L (for
some real numbers a and L) by ({). The statement that (df*/dx)(a*) = L* for all zero-free

infinitesimal omega-numbers dx, we write as (). We therefore have to prove that: ({) <= (n). This
proof will be split into two parts. First () = (1), and second (1) = ().

We start with ({) = (). Let us assume that ({) is true. That is f'(a) = L for certain real numbers a
and L. Then for every positive real number &€ (no matter how small) there has to exist a positive real

number o such that from 0 < | h | < it follows that | (fla+h) - f(a)).h"' - L | <g&. Now letg, bea
positive real number. Then there has to be a positive real number & (call one such a number )
such that:

0<|h|<3, = |(fla+h)-f(a)).h!-L|<g,.
Let further dx be a zero-free infinitesimal omega-number. Then there is for every positive real

number 0 (no matter how small) a natural number N such that: 0 < | {dx} | <0 foralln>N.

Therefore we can also find a natural number N0 such that:
n>N, = 0<|{dx} | <3,.

Thus it holds that:



n>Ny = 0<|[{dx}, | <8, = [(fa+{dx},)-f@).({dx},)"-L|<g,,
n>N, = |(fa+{dx},)-f@).({dx} )'-L|<g,,

n>Ny = | (|(ar), + ddx,) - (et ) (e, )T - L <,

n>Ny = [(f({a* +dx}, ) - f({a*}, ).({dx}, )" - L] < g,

n>Ny = [((P@* +d0), - (P@9)},).(dxg, ) - L <g,

n>N, = | ({P@*+dw}, - (@9} ). g ({dx) ) - L <e,,

n>Ny = | {f@*+dx) - @9}, {g*d0), oL | <.

n>Ny = | {P@*+do - f@n), (do1), oL [<e,

n>N, = | {(P@* +dx) - P@®). (o)} - (L4, | <,

For g, we only assumed that it is a positive real number. Thus the result found above holds
generally. That is, for any positive real number ¢ there is a natural number N such that:

n>N = | {(f@* +dx)- f@*).(dx) "} - (L5} | <e.
And consequently:

(F*(a* + dx) - P¥(a*)).(dx) ! = L*,
(df*/dx)(a*) = L*.

For dx we only assumed that it is a zero-free infinitesimal omega-number. Thus for all real numbers
a and L satisfying f'(a) = L it holds that:

(df*/dx)(a*) = L*, for all zero-free infinitesimal omega-numbers dx .
Wherewith ({) = (1) is proven.

Next we prove () = (£). Thus we now assume that (1)) is true. In this case, for some real numbers a
and L and for all zero-free infinitesimal omega-numbers dx it holds that:

(df*/dx)(a*) = L*.

Let us now define the function g, from the real numbers to the real numbers. For each function f

from the real numbers to the real numbers and for all real numbers a we let:
g, (h) = (f(ath) - f(a)).h”! forh #0, and g,(0)=0.

Then, for all zero-free omega-numbers dx and all natural numbers n (including 0), we get:

g, ()}, = g, ({dx},),

{g,5 (@0}, = (Ra+ {dx})-f(@). ({dx} )",

(g, X0}, = (f(fa*}, + {dx}, ) - f{a*},) - ({dx} )™,
{g, 5 (@0}, = (f{a*+dx},) - f({a*},)) . ({dx},)7,
(g, X0}, = (f*@*+d), - {P@*)},) . ({dxi )T,



{g,*(d0)}, = ({P@* +dx)}, +-{@*)}, ). ({dx}, )7,
(g, ()}, = ({f@* +dx)}, + {-(@"))},) . ({dx}, )7,
{g,¥(d)}, = {P(a*+dx)+-(f@*)}, . ({dx}, )",

{g,* ()}, = {P(a*+dx)- @}, . ({dx} )",
{g,*(dx)}, = {P@a*+dx)- @)}, . q({dx},),
{g,¥(dx)}, = {P(a*+dx)- @}, {g*dx)},,
{g,¥(dx)}, = {Pa*+dx)- @)}, {1},

(g, ()}, = {(P*@* +dx) - @) . (dx) '}, .

So:

g, (dx) = (f*(a* + dx) - f*(a¥)) . (dx)!.

That is, for all zero-free infinitesimal omega-numbers dx, we have:

g, (dx) = (df*/dx)(a*).

Therefore (assuming that (n) is true) for all zero-free infinitesimal omega-numbers dx it holds that:
g, *(dx) = L*.

Here we can use the previously found result on the limits of functions. This gets us:

lim g (h) = L.
h— 0
Substituting g, gives:

lim ((fa+th) - fa)) . h!) = L.
h— 0

That is:
f'(a) = L.

Wherewith (1) = () also is proven.

And there's much more...

It would be nice to also here cover other basic concepts of analysis such as the continuity of
functions and the operation of integration. And we could even go much further. Detlef Laugwitz has
shown how by using omega-analysis the so-called generalised functions - such as the Dirac delta-
function - can also be introduced (see [6]). Even a version of the operational calculus of the Polish
mathematician Jan Mikusinski (1913 - 1987) can be developed by the use of omega-analysis (see
[7]). Although very interesting, all this would lead us too far astray. Moreover, it deflects from the
purpose of this article: the construction of an alternative number system in which 1 #0.999...9... .



Childhood memory
Detlef Laugwitz, one of the founders of omega-analysis, notes the following about his first
acquaintance with infinitesimals:

"Other reminiscences go back to my childhood. I suppose I was a boy of about 12 when our
mathematics teacher asked what a circle and its tangent have in common. My spontaneous answer
was: Nothing. A point was "nothing" to me. If they had anything in common, this something must
have some extension, very small, practically invisible of course. My teacher, whom I remember
quite well, did not subdue this curious aberration of my mind. Moreover, at about the same time he
even encouraged another glimpse of the infinitesimal which must have occurred to everybody who
does not simply believe in textbooks: Is 0.9... really equal to 1?7 Shouldn't it be less than 1?

Actually, the usual "proofs" at that level are far from convincing, and objections like those ascribed
to Zeno of Elea should come to the mind of everyone who is not infected by the 19th century dogma
of the real numbers." (See [9] p. 2.)

A promising note. Detlef D. Spalt, a student of Laugwitz, gives a further elaboration ([15] pp. 352-
370). Our explorations are in a similar vein.

Parareal numbers

The decimal notation of the real numbers has, within the usual theory of the real numbers, a precise
meaning which leads to 1 =0.999...9... . Our aim, however, is to find an interpretation in which this
equality does not hold. Now we cannot have both 1 =0.999...9... and 1 # 0.999...9... . Therefore we
must make it clear that our alternative interpretation of 0.999...9... differs from the usual one. This
can be done in many ways. I have chosen to write our alternative decimal numbers, which I will call
parareal numbers, as «tc_ ... C3€5€,€1.C {C,C 5 ... €_ ...». [ use French quotation marks. Thus it

becomes clear, even in the notation, that these are not the usual decimal numbers. Positive and

LU

negative numbers will be indicted by taking for t the symbol '+' or '-' respectively. We will regard
an expression of the form:

«t e e €3€5C1C0.C 1CAC 5 C o)y

-n
as a designation of the corresponding infinite sequence of real numbers:
(P s Py s Pyr Pysuees Oy o)

Where:

¢y = sgt).(c . 10M+ ... +c;.10° + ¢, .10+ ¢, .10 +¢,)

¢, = sg(t).(c, .10M+ .. +¢;.103 + ¢, . 107 + ¢, .10+ ¢, +c .107)

9, = sg(t).(c,, .10M + ... + ¢, 103 +c, 10%+ ¢, 10+¢c,+c | 1071+ C, 1072)

¢y = sg(t).(c 10M+ .. +c;y.10° + ¢, .10+ ¢, 10 +cy+c .10 +c, 102 +c5.10)

¢, = sg().(c,, 10M+ .. +c;.10° +¢c,.10°+¢; .10+ +e .10+ ¢, 102 +c,.10° + . +c  .10T)

In which: sg(+)=1 and sg(-) =-1. And where the digits Coys+3€35€5C1,CosC 1 5C0,Cayemny
¢ _,... aretobechosen fromO0,1,2,3,4,5,6,7,8 and 9.

-n?



So that we have:

¢y = sgt).c .

o, = sg®).c -

@, = sg(t).c, .. €36,C,C(.C (Cy
e

3 = sgt).c C3C5CC-C_1CHC 3

. €36,5C/C))
€4€5C1C(-C_4

¢, = sg(t).c ... €3€,C(C(.C [C5C 5 ... C

Any expression of the form «tc ... ¢;¢,¢,C(.C_ ;€ ,C 5 ... € ..» thus designates the corresponding

sequence of real numbers. Such infinite sequences of real numbers are - by definition - omega-
numbers. With the parareal numbers we can therefore calculate in the way already explained for
omega-numbers. In addition to all parareal numbers also all omega-copies a* of real numbers a
belong to the omega-numbers. The parareal numbers therefore are as it were standing besides the
(copies of the) real numbers.

We can also look at the ¢, (neglecting the sign) as partial sums of the series:

(cy - 10™+ .+ ¢y 103 +¢,.10% + ¢, 101 +¢,.10%) +c . 107 + ¢, 102 +¢ 5. 1070 + . +c 10T + ...

That is:
n
¢, = sgt).Zc, 107
1=-m
Because:

Q=(0,1,2,3,...,n,..) & «t Cpy ++r €369C1C(-C1CHC 3 o Cpp v = ((p0 b PPy Pyss O )

we now also have:

Q

— -1
«teC ... €4€,C1CH.C1CHC 5 C o = (sg(t)* . X c,.107.

1=-m

Here the sum is generalised in our usual way to a function from the (natural) omega-numbers to the
omega-numbers.

In the special cases of «+1.000...» and «+0.999...» we get the sequences:

«+1.000...0..» = (1, 1.0, 1.00, 1.000, ..., 1.000...0 (with n zeros) , ...) ,

We immediately see that:
«+0.999..9..» < «+1.000...0...» .
And further it is clear that:

«+1.000...0...» - «+0.999..9..» = (1, 0.1, 0.01, 0.001, 0.0001, 0.00001, 0.000001, ...) .



The above difference, called by Professor Edgar E. Escultura the dark number d* (see [3]), is to be
regarded as infinitesimal, just like our earlier example o. We will take over Escultura's notation.
But to indicate that it is nof the omega-copy of a real number d, we will write d * in italics (as d*).
We thus find:

«+1.000...0...» = «+0.999..9..» +d*.

Proof that 0.999 ... =1 fails
A familiar argument why the numbers 1 and 0.999 ... should be equal, goes like this:

9.0.999... = (10-1).0.999...,
9.0.999... = 10.0.999... - 1.0.999...,
9.0.999... = 9.999...-0.999...
9.0.999... = 9,

0.999.. = 9/9,

0.999... = 1.

If the parareal numbers form a consistent system, the above derivation as tailored to the real
numbers has to be impossible for the parareal numbers. Let's see:

«19.000...0...» . «+0.999...9...» = «19.000...0...» . «+0.999...9...» ,

«+9.000...0...» . «+0.999..9.» = (9,9,9,9,..).«+0.999..9...»,

«+9.000...0...» . «+0.999..9...» = (10-1,10-1, 10-1, 10-1, ...) . «+0.999...9...» ,
«+9.000...0...» . «+0.999...9...» = ((10, 10, 10, 10, ...)- (1, 1, 1, 1, ...)) . «+0.999...9...» ,
«+9.000...0...» . «+0.999...9...» = («+10.000...0...» - «+1.000...0...») . «+0.999...9...» .

Until this point every thing works out the same for the parareal numbers as for the real numbers. For
convenience, we below denote («+10.000...0...» - «+1.000...0...») . «+0.999...9...» by y. So we get:

«+9.000...0...» . «+0.999..9..» = vy.
Working out y gives:
= («+10.000...0...» - «+1.000...0...») . «+0.999...9...» ,

= («+10.000...0...» + «-1.000...0...») . «+0.999...9...»,

= «+0.999...9..».(«+10.000...0...» + «-1.000...0...») ,

= «10.999...9..».«+10.000...0...» + «+0.999...9...».«-1.000...0...» ,

= (0,0.9,0.99, 0.999, ...).(10, 10, 10, 10, ...) + (0, 0.9, 0.99, 0.999, ...).(-1, -1, -1, -1, ...},
= (0,9,9.9,9.99, ...)+(0,-0.9, -0.99, -0.999, ...) ,

= ((9,9.9,9.99,9.999, ...) + (-9, -0.9, -0.09, -0.009, ...)) + (0, -0.9, -0.99, -0.999, ...),
((-9, -0.9, -0.09, -0.009, ...) + (9, 9.9, 9.99, 9.999, ...)) + (0, -0.9, -0.99, -0.999, ...) ,
= (-9, -0.9, -0.09, -0.009, ...) +((9, 9.9, 9.99, 9.999, ...) + (0, -0.9, -0.99, -0.999, ...)),
= (-9,-0.9,-0.09,-0.009, ...)+(9,9,9,9, ...),

= (999,09,..)+(9,-0.9,-0.09,-0.009, ...),

=9,9909 .0(,1,1,1,.)+(,9,9,9, ...).(-1, -0.1, -0.01, -0.001, ...) ,
=99909,.).(1,1,1,1,..)+(-1,-0.1,-0.01, -0.001, ...)) ,
=99909,.).(1,1,1,1,..)++1,0.1,0.01, 0.001, ...)) ,

= (99909, .).01,1,1,1,..)-(1,0.1,0.01, 0.001, ...)) ,

= «19.00

000...0...» . («+1.000...0...» - d*) .

€€ <€ <€ €€ <€ €< <<€ <<€ <=<=<
Il



This result we substitute back in «+9.000...0...» . «+0.999..9...» = y. So:

This already looks very different from the real case. It is however exactly what, given the definition
of d*, was to be expected. Because «+9.000...0..»=(9,9,9,9, ...) we may now, as in the real
case, divide out «+9.000...0...» on both sides. This gives:

«+0.999..9..» = «+1.000...0...» - d*.

From which we see that everything develops neatly as we want it for the parareal numbers to
happen; and that the difference of «+0.999...9...» and «+1.000...0...» is indeed infinitesimal.

No closed system

When we add or multiply two real numbers o and  the sum o +  and the product a . B are again
real numbers. This fact that the addition and multiplication of real numbers are internal operations,
is an important feature of the real numbers. For the omega-copies a* and B* of the real numbers a
and B the same holds true. That is, for all real numbers o and § we have:

0B = (0t P,

a* . B* = (a . P)*.

Thus the omega-copies of the real numbers with respect to addition and multiplication also form a
closed system, within the omega-numbers.

For the parareal numbers this no longer holds. Indeed:

This outcome (that is d*) is a strictly decreasing infinite sequence of positive real numbers. This
omega-number cannot, on account of the definition of the parareal numbers, itself be a parareal
number. Thus the parareal numbers, with respect to addition, do not form a closed system.

For the sequel it is useful to introduce some concise arithmetical notations. Let b be a real number,
k a positive natural number and a an omega-number with:

a= (ao,al,az,a3,...,an,...).

Then we define the hybrid addition, subtraction, multiplication and exponentiation as:

a+b=(a0+b,a1+b,a2+b,a3+b,...,an+b,...),

a-b = (ao—b,al—b,az—b,a3—b,...,an—b,...),

b.a =(b.ao,b.al,b.az,b.a3,...,b.an,...),

ak = (), @), @), (ay)F, s (a))S ),

k a = (k/\(a() ) b k/\(al ) s k/\(az ) b k/\(a:; ) PR k/\(an) b ) .

It is clear that;

a+b=a+b* (where the first sum is hybrid and the second a sum of omega-numbers) ,
a-b =a-b* (where the first difference is hybrid and the second a difference of omega-numbers) ,



b.a = b* a (where the first product is hybrid and the second a product of omega-numbers) ,
ak=a.a.a.a....a (withk factors of a) .

A decimal notation for d*
What would an extended decimal notation for d* look like? We have:

d* = (1,0.1,0.01,0.001, 0.0001, 0.00001, 0.000001, ...) ,
d* = (1,1/10, 1/100, 1/1000, ..., 1/10", ...)

d* = (10°,101,10%,103,...,10™,..),

d* = 109,

It therefore seems plausible to write d* as:

d* = +0.000...0...;...0...0001000...0... .
-Q

The '1" here stands on the place indexed with -Q.

That all -nQ should be considered as different omega-numbers, we can see as follows. For all
natural numbers n we have:

(-nQ) - (-(n+t1)Q) = -nQ+-(-(n+1)Q),

(-nQ) - (-(nt1)Q) = -nQ+ (nt)Q),
(-nQ) - (-(nt1)Q) = -nQ+ (nQ+Q),
(-nQ) - (-(n+t1)Q) = (-nQ+nQ)+Q,
(-nQ) - (-(n+t1)Q) = 0*+Q,

(-nQ) - (-nt1H)Q) = Q.

Thus we see that -nQ2 > -(n+1)Q , for all natural numbers n . That is:
0>-Q>-20>-3Q>... >-nQ>-(nt+1)Q> ... .
Further, for all natural numbers a, b, n and i it holds that:

{nQ -a}, - {-(n+1)Q + b},
{-nQ-a}, - {-(nt1)Q + b},
{-nQ -a}, - {-(nt1)Q + b},

(-n.i-a)-(-(ntl)i+b),
ni-a+(nt+l)i-b,
i-(a+b).

So:
(-nQ-a)>(-(nt1)Q+Db).

Therefore after the usual sequence of indices 0, -1, -2, -3, ..., -n, ... we can, for our extended
decimal notation, in principle also make use the (multiply) infinite sequence of indices:

vy SQF3, Q20 QO+, -Q, -Q-1, -Q-2, -Q-3, ... ;
ey 22043, 22042 -20+1, -2Q, -2Q-1, -2Q-2, -2Q-3, ... ;
ey 23043, 3042, -3Q+1, -3Q, -3Q-1, -3Q-2, -3Q-3, ... ;

e o

e, -NQH3, -nQ+2, -nQ+1, -nQ, -nQ-1, -nQ-2, -nQ-3, ... ;



(By using powers of  this may, if necessary, be yet further expanded. Then we can raise Q to the
Q-th power. And so on. And so on.)

Because:
d*= (10,107, 102,103, ..., 10™, ),
we get:

@™ = ((10%)y™, (101 y™, (102 )™, (103 )™, ..., (10™)™, ..),
(d*)m — (100111 , lo-l.m , lo-z.m , 10-3.m e 10~hm , ) ,

(d*)m — (lo-m.o , lo-m.l , 10-111.2 , 10-m.3 s 10-mn , ) ,

d®H™ = 107(-m.0, -m.1, -m.2, -m.3, ..., -m.n, ...)

@®H™ = 10M-m.(0,1,2,3,..,1n,..),

@H™ = 10N-m.Q),

(@H™ = 10™,

It is therefore plausible to write (d*)™ for positive natural numbers m as:

(d*™= +0.000...0...;...0...0001000...0... .
-mQ

Looking for a more general representation

The extended decimal notations for d* and (d*)™ are interesting. Is it perhaps possible to write
many more parareal numbers and other omega-numbers derived therefrom, in a similar way? We
will try some examples. But first for clarity, I wish to point out that this section is of a purely
heuristic nature. Nothing gets proofed here! Only afterwards, with the introduction of the 'omega-
decimal development', will the results here obtained get a solid mathematical basis.

We have already seen that we may write:

Q
«t e e €365€1C5.C 1€ oC 5 C o = (sg(t)*. X ¢ 107
1=-m
Or with the hybrid multiplication:
Q
«C e C3C5C C.C 1€ 5C 5. C > = sg(t).X ¢ 107
1=-m

Therefore it would be nice if we had:

«t € -C3€5C1C(.C 1€ oC 30+:C_pe® = £ € ..C3CHC €(.C1CHC 50C sl gy o 59d ,5d

d_000...0... .

-Q+27-Q+1

«+0.999..9..» = +0.999...9...;...9...9999000...0... .
Q

Similarly for «+0.333...3...» we would then write:



«+0.333..3..» = +0.333..3..;;...3...3333000...0... .
-Q

But what should u = «+5.000...0...».«+0.333...3...» be? Let's work it out:

fu}, = {«+5.000...0..» . «+0.333..3..»} ,

{u}, = {«+5.000..0.»} .{«+0.333..3.»} ,

{u}, = (5.000...0 (with n zeros)).(0.333...3 (with n threes)) ,
{u}, = 5.(%.0.999...9 (with n nines))

ful, = 5.%.(1-10™),

fu}, = (1.666..6..).(1-10™),

Thus

{u}o = (1.666...6...)-(1.666...6...).10'0 = (1.6666666666...) - (1.6666666666...) = 0,

{u}1 = (1.666...6...)-(1.666...6...).10'1 = (1.6666666666...) - (0.1666666666...) = 1.5,

{u}2 = (1.666...6...)-(1.666...6...).10'2 = (1.6666666666...) - (0.0166666666...) = 1.65,

{u}3 = (1.666...6...)-(1.666...6...).10'3 = (1.6666666666...) - (0.0016666666...) = 1.665 ,

{u}n = (1.666...6...) - (1.666...6...).10™ = (1.6666666666...) - (0.000...01666...) = 1.666...65 .
-n -n

(Where the expression for {u} is calculated forn=>2.)

As a plausible extended decimal notation for u we thus find:

u = +1.666...6...;...6...6665000...0... .
Q

Finally, a slightly more complicated case. Is there also an extended decimal notation for v =
«+4.999...9..» . «+0.333...3...»? For the n-th component of v we find:

{vi, = {«+4.999..9..».«+0.333..3..»} ,

{vi, = {«+4.999..9..»} {«+0.333..3.»} ,

{vi, = (4.999..9 (with n nines)).(0.333...3 (with n threes)) ,
{vi, = (4.999..9 (with n nines)).(%s . 0.999...9 (with n nines)) ,

Vi, = (5-10M).(4.(1-10M)),

Vo= B.5-10M)(1-10M),

Vi, = %.(5-510"-1.10"+102"),

Vi = %.(5-6.10T+1072"),

{vi, = (1.666..6..) - 2.10™ +(0.333...3...).10"" .

Calculation gives:



{V}O = 0,

vi, = 147,

{vi, = 1.6467,

{vi; = 1.664667,

{vi, = 1.66646667,

{vis = 1.6666466667,
{vic = 1.666664666667,

vl = 1.666..6664666..6667 (forn>2).

-n -2n

So a plausible extended decimal notation for v is:

v = +1.666...6...;...6...6664666...6...;...6...6667000...0... .
-Q -2Q

We see that v has a longer infinitesimal tail than u. Again an intuitively satisfactory result.

Omega-decimal development

Above, we found some plausible extended decimal notations for parareal and other there from
derived omega-numbers. Until now, we deliberately looked at simple omega-numbers. They pave
the way for the more difficult ones. And these are not hard to find! Even for the parareal versions of
basic irrational numbers such as \2, 7 and e we meet with the difficulty that their decimal notations
no longer exhibit the nice regular patterns we found in our earlier examples. For the decimal
representation of an arbitrary omega-number we therefore have to turn to a more complex, and
unfortunately somewhat less elegant, notation. The simple extended decimal notations found above,
should then follow as special cases. Above, we always looked for the final value of the relevant
digits in the decimal representations of the successive components of the omega-number concerned.
However, we also want to deal with the common situation that these digits do not finally reach a
fixed value. Only then do we have a generally applicable representation.

We start with some definitions:

Omega-numbers a are called whole omega-numbers precisely then when all components {a}  are

integers.

Omega-numbers a are called omega-digits precisely then when all components {a} —are chosen
from the numbers 0, 1, 2,3,4,5,6,7, 8 and 9.

Infinite sequences of signs t = (t,,t, ,t,,t;,...,t ,..) are called omega-signs precisely then

when all of the tor oty by, t .. are chosen from the signs + and - . Just as with omega-

numbers, we call the terms of an omega-sign components and we write {t}, for the k-th component

t, of the omega-sign: t = (t0 sttty t, o).

n

'

By the omega-copy +* of the plus-sign '+', we mean the infinite sequence consisting of only

pluses:

+* = (+’ +7 +’ +5 AR +5 "') *



U

By the omega-copy -* of the minus-sign '-', we mean the infinite sequence consisting of only
minuses:

b —

e R T
Two omega-signs t and t' we consider equal precisely than when for all natural numbers n

(including 0) it holds that {t} = {t'} . The equality of t and t' we write as: t = t.

Two omega-signs t and t' we consider finally equal precisely then when there is a natural number N
such that {t} = {t'} for all natural numbers n > N. The final equalness of t and t' we write as:

t>~t.

Perhaps unnecessarily, I want to point out that for the + and - sign we use the following
conventions:

a=b for a=+ & b=+,
a#zb for a=+ & b= -,
azb for a= - & b=+,
a=b for a=- & b= -

Furthermore, any real number a (as one can easily verify in the mathematical literature) can be
written in the decimal form:

a = 1..C ..C36)CiC1C{CHC5...C ..o

And this in exactly one way, when:

(i) the signtmay only be + or -,

(i1) the digits ..., CpsesC35Cy 5 €15 CosC 5 C s Cyyuny €y MAY onlybe 0,1,2,3,4,5,6,7,80r9,
(i) there is no integer N such that ¢, =9 forallk <N,

(iv) t = + for the case that ¢, = 0 for all integers k .

The conditions (iii) and (iv) are added for simplicity and unambiguity. We will call the decimal
notation thus defined, the stipulated decimal notation.

Our intention is to generalise the stipulated decimal notation for real numbers to an 'omega-decimal
development' for omega-numbers. To do this smoothly, we will designate the sign and the digits of
the stipulated decimal notation by a 'real signfunction' 7¢ and a 'real digitfunction' rc respectively.
(In Dutch sign = feken, and digit = cijfer.) Which we define as follows:

By the real signfunction rt we mean the "function" that has for each real number a the sign t from
the (above mentioned) stipulated decimal notation for a, as image r#(a).

By the real digitfunction rc we mean the function that for any integer k and each real number a has
the digit ¢, from the (above mentioned) stipulated decimal notation for a, as image rc(k,a).

Of course, with these definitions, we now for each real number a have:

a = rt(a) ... rc(n,a) ... rc(3,a) re(2,a) re(1,a) re(0,a).rc(-1,a) re(-2,a) re(-3,a) ... re(-n,a) ... .



By generalisation of the real signfunction and the real digitfunction we can now easily find the
'omega-decimal development' for omega-numbers. This goes as follows:

By the omega-signfunction ot we mean the "function" that for each omega-number a has the
undermentioned image:

Ot(a) = ( rt({a}() )a rt({a}l )9 rt({a}2 )9 Vt({a}3 )9 LRI rt({a}n )s ) .
It is clear that the omega-signfunction delivers an omega-sign for each omega-number a.

By the omega-digitfunction oc we mean the function that for each whole omega-number k and each
omega-number a has the undermentioned image:

oc(k,a) = (re({k}y{aty ), re(tk}, fa}) ), re({k}, s {a}y ), re(tkly stady ), s re(fkd, o fa}, s -

It is also clear that the omega-digitfunction delivers an omega-digit for each whole omega-number k
and each omega-number a.

Finally, we for each omega-number a mean by its omega-decimal development the omega-sign t =
of(a) of a, together with all omega-digits ¢ _= oc(m,a) of a. An omega-decimal development - by

reason of the many possible indices m - therefore forms a dazzlingly complex object. Nevertheless
we might want to give some impression So in practice we may write out a beginning, and suggest
the rest by means of the ellipsis. For example, as follows:

@ =t Colue Cqu Cou Cpae o -C_pw C o € gie e C_p e

That is:
a = ot(a) ... oc(n*,a) ... oc(3*,a) oc(2*,a) oc(1*,a) oc(0*,a).0c(-1*,a) oc(-2*,a) oc(-3*,a) ... oc(-n*,a) ... .
Note that we indeed have actually written out only the very beginning of the omega-decimal

development. Of the stipulated decimal notation for real numbers we of course also cannot write out
all digits. But in that case, the digits still have a relatively neat doubly-infinite sequence of indices:



.,n,..,3,2,1,0,-1,-2,-3, ..., -n, ...

There are - admittedly - infinitely many indices here, but the indices themselves are finite numbers.
Moreover, each index in this sequence, has a clear position in relation to all other indices. But for
the whole omega-numbers, that act as indices for omega-decimal developments, this no longer
holds. There are infinitely great whole omega-numbers such as Q and -2.Q+4 . And there are
whole omega-numbers such as (1, -1, 2, -2, 3, -3, 4, -4, ...) that are neither greater than 0 , nor
smaller than 0 , nor equal to 0 . Thus in omega-decimal developments there are as it were digits
with indices that refuse to stand in a row. So always remember that an omega-decimal development
not only has omega-digits for the orderly sequence of indices:
e, K 3E D EQF -1k 2% 3 -n*

9 cee o 9 eee g

but that for an omega-decimal development al/ whole omega-numbers act as an index for omega-
digits. Thus an omega-decimal development indeed has an enormes amount of omega-digits!

An alternative presentation - which we will call the omega-decimal matrix - as it were unrolls o#(a)
and the oc(k,a) of the omega-decimal development of an omega-number a, downwards. Let a be an
omega-number with:

a= (ao’al’32’33""’%"")’
then a beginning of the omega-decimal matrix of a is:

a=
ri@a, ) ... re(nag ) ... re(3,a,) ) re(2,a, ) re(l,a ) re(0,a) ). re(-1,a,) ) re(-2,a,) ) re(-3,a,) ) ... re(-n,a; ) ...
ri(@,; ) ... re(na; ) ... re(3,a, ) re(2a; ) re(la; ) re(0,a) ). re(-l,a; ) re(-2,a, ) re(-3,a; ) ... re(-n,a; ) ...
ri(a, ) ... re(na, ) ... re(3,a, ) re(2,a, ) re(l,a, ) re(0,a, ). re(-1,a, ) re(-2,a, ) re(-3,a, ) ... re(-n,a, ) ...
ri(ay) ... re(n,ay ) ... re(3,a5 ) re(2,a5 ) re(l,ay ) re(0,a5 ). re(-1,a5 ) re(-2,a5 ) re(-3,a5 ) ... re(-n,as ) ...

ri(a, ) ...re(na ) ... re(3,a ) re(2,a,) I’C(l‘,.%'ln Yre(O.a, ). re(-la ) re(-2,a, ) re(-3,a, ) ... re(-n,a ) ...

Because these are precisely the stipulated decimal notations for a,,a; ,a,,ay,...,a_,...,any
omega-number a can be recovered from its omega-decimal matrix, and hence from its omega-
decimal development. Thus two different omega-numbers can never have the same omega-decimal

development.

What parts of the omega-decimal development we will actually want to write out all depends on the
problems in which we are interested. What we still want to do here, is to compare the earlier
heuristically found plausible extended decimal notations of our chosen simple omega-numbers with
their representation by means of the generally applicable omega-decimal development. The
undermentioned explications of parts of the omega-decimal development are specially tailored to
this purpose.

Let a be an arbitrary omega-number with:
a= (ao,al,az,a3,...,an,...),

and let :



£1C34CuCxCx -C_14C 9sC 35 ++3-C 043€ 012€.0+1€.0%.0-1%.:026.0-3 =€ 20+3€ 20426 20+1€20%20-1€202620.3 =5+ »

be (a somewhat bigger chunk from) the omega-decimal development of a .

Then we get:
t = ot(a) = (ri(a,), ri(a; ), ri(a, ), rt(ay ), ... , re(a, ), ...) ,

Cye = oc(3*,a) = (re(3,a,), re(3,a,), re(3,a,), re( 3, a9), ..., re(3,a,), ...)
Cox = oc(2*,a) = (re(2, a ), re( 2, a ), re( 2, a, ), re( 2, a, )y e s (2, a, ), ..r)
Cpx = oc(1*,a) = (re(1,ay), re(1,a)), re( 1, a,), re( 1, a4), ..., re(1,a,), ...)
Cox = oc(0*,a) = (re(0,a,), re( 0,2, ), re(0,a,), re(0,2y),...,7¢( 0,2, ),..)
Cx = oc(-1*,a) = (re(-1,ay ), re(-1,a; ), re(-1, a5 ), re(-1, a5 ), ..., re(-1, a, ), ...)
Cox = 0c(-2%,a) = (re(-2,ay ), re(-2,a; ), re(-2, a5 ), re(-2, a5 ), ... , re(-2, @, ), ...)
Cax = 0c(-3%,a) = (rc(-3,a) ), re(-3,a, ), re(-3, a5 ), re(-3, a5 ), ... , re(-3, @, ), ...)

2

Coiy = 0c(-Qt+3,a) = (re(3,a,), re(2,a,),re( 1, a,),rce(0,ay), ... ,re(-nt3,a ), ...)
Cop = 0c(-Q+2,a) = (re(2,a4), re( 1,a,),rc(0,a,),re(-1,ay), ... ,re(-nt2, a ), ...)
Cor = oc(-Q2+1,a) = (re(1, a, ), rc( 0, a ), re(-1, a, ), re(-2, a, ), ..., re(-n+1, a ), ..0)
cq =oc(-Q, a) = (re(0,a,),rc(-1,a,),rc(-2, 2, ), rc(-3, a3), ... , re(-n, a_ ), ...)
)
)
)

b
9

€. = oc(-Q-1, a) = (re(-1, a ), re(-2, a ), rce(-3, a, ), re(-4, a3 )y oo, re(-n-1, a ) ..
Coop = 0c(-Q-2, a) = (re(-2,a,), rc(-3,a; ), re(-4, a, ), re(-5, a3), ... , re(-n-2, a_ ), ...
Cosz = 0c(-Q-3, a) = (re(-3,a,), rc(-4, 2, ), re(-5, a, ), re(-6, ay), ... ,re(-n-3, a_), ...

M
b

>

Coaiz = 0c(-2Q+3,a) = (re( 3,a)),rc(1,a)),re(-1, 0, ), re(-3, a5 ), ..., re(-2nt3, a ), ...)
Cohaip = 00¢(-2Q+2,a) = (re( 2,a),rc(0,a,),re(-2, a, ), re(-4, a3 ), ..., re(-2nt2,a ), ...)
Chayy = 0c(-2Q+1,a) = (re( 1,ay),re(-1,a; ), re(-3, a5 ), re(-5, a5 ), ... , re(-2ntl, a ), ...)
Chrg = 0c(-2Q, a) = (re(0, a ), re(-2, a, ), re(-4, a, ), re(-6, ay ), s re(2n, a_),...)
Choq = 0c(-2Q-1, a) = (rc(-1,a,), re(-3,a,), re(-5, a, ), re(-7, ay ), ... , re(-2n-1, a_ ), ...)
Chon = 00(-2Q-2, a) = (rc(-2,a),rc(-4,a, ), rc(-6,a, ), re(-8, a5 ), ..., re(-2n-2, a ), ...)
Chroaz = 0c(-2Q-3, a) = (rc(-3,a,),rc(-5,a,), re(-7, a, ), re(-9, ay ), ..., re(-2n-3, a_ ), ...)

Let again a be an arbitrary omega-number with:
a= (ao,al,az,a3,...,an,...),
and (for a positive natural number k) let:

t...C3x Cox €1 Co -C_1x C o C g ++5C 1313 €042 k] CkO CkO-1 Ck0-2 Ck23 -+ >

also be a piece from the omega-decimal development of a .



Then:
t = ot(a) = (ri(a,), ri(a; ), ri(a, ), rt(ay ), ... , re(a, ), ...) ,

Cye = oc(3*,a) = (re(3,ay), re(3,a;),rc(3,a,), re(3,a5), ..., re( 3,2 ), ...)
Cox = oc(2*,a) = (re(2, a, ), re( 2, a ), re( 2, a, ), re( 2, a, )y e, v 2, a ), «.)
Cx = oc(1*,a) = (re(l,ay), re(1,a;),re(1,a,), re(1,a5), ..., re( 1,2 ), ..)
Cox = 0c(0*,a) = (rc(0,a,), re(0,a,),rc(0,a,), re(0,ay),..,re( 0,2 ),..),
Cx = oc(-1*,a) = (re(-1,a,), re(-1, 2, ), re(-1, a, ), re(-1, a5 ), ..., re(-1,a ), ...)
Cox = 0c(-2%,a) = (re(-2,a,),rc(-2,a ), re(-2, a, ), re(-2, ay ), ..., re(-2,a ), ...)
Cyx = 0c(-3%,a) = (re(-3,a,), re(-3,a; ), re(-3, , ), re(-3, a3 ), ... , re(-3,a, ), ...)

= oc(-kQt3,a) = (rc( 3,a;), re(-kt3, a, ), re(-2k+3, a, ), re(-3k+3, a5 ), ...)
= oc(-kQ+2,a) = (rc( 2,a;), re(-k+2, a; ), re(-2k+2, a, ), re(-3k+2, ay ), ...)
= oc(-kQ+1,a) = (re( 1,a;), re(-k+1,a, ), re(-2k+1, a, ), re(-3k+1, a5 ), ...)
Cro = oc(-kQ, a) = (rc(0,a,),rc(-k, a;),re(-2k, a,),re(-3k, ay),..),
= oc(-kQ-1, a) = (rc(-1,a,), re(-k-1, a;), re(-2k-1, a, ), re(-3k-1, ay), ...)
Cron = 0c(-kQ-2, a) = (rc(-2,a;), re(-k-2, a,; ), re(-2k-2, a, ), re(-3k-2, ay), ...)
= 0c(-kQ-3, a) = (rc(-3, a, ), re(-k-3, a; ), re(-2k-3, a, ), re(-3k-3, ay), ...)

We will use the formulas found above, in a moment. However, readers interested in other parts of
the omega-decimal development may now easily find the formulas for these other parts themselves.
They just follow from the definition of the omega-decimal development.

Examples
Previously, we found as plausible extended decimal notations for some simple omega-numbers:

(1) d* = +0.000...0...;...0...0001000...0... .

Q
(ii) (d*™= +0.000...0...;...0...0001000...0... .
-mQ
(iil)) «+0.999..9..» = 4+0.999...9...;...9...9999000...0... .
-Q
(iv) «+0.333..3..» = +0.333...3...;...3...3333000...0... .
-Q
(v) «+5.000...0...».«+0.333..3...» = +1.666...6...;...6...6665000...0... .
-Q
(vi) «+4.999...9..».«+0.333...3..» = +1.666...6...;...6...6664666...6...;...6...6667000...0... .
-Q -2Q

We will now show that these heuristic results are preserved when using the omega-decimal
development.



(1) For d* we know that:

d* = (1, 0.1, 0.01, 0.001, 0.0001, 0.00001, 0.000001, ...).

Written differently:

{d*}, = +...0001.000000000...,
{d*}, = +...0000.100000000...,
{d*}, = +...0000.010000000...,
{d*}; = +...0000.001000000...,
{d*}, = +...0000.000100000...,
{d*}s = +..0000.000010000...,
{d*}, = +...0000.000001000...,
So:

t = (H+++ ., ) 2 HF

9 see )

ey

¢y« = (0,0,0,0,0,0,0,0,0,0,..) = 0%
¢y = (0,0,0,0,0,0,0,0,0,0,..) = 0%,
¢« = (0,0,0,0,0,0,0,0,0,0,...) = 0%
¢o« = (1,0,0,0,0,0,0,0,0,0,..) = 0%,
c.+=(0,1,0,0,0,0,0,0,0,0,..) = 0%
¢,= (0,0,1,0,0,0,0,0,0,0,..) = 0%,
c3+= (0,0,0,1,0,0,0,0,0,0,..) = 0%,

e o

ey

¢z = (0,0,0,0,0,0,0,0,0,0,..) ~ 0%,

C-Q+2 - (O: O: O: O: O: O: O: O: O: O: ) = O*’
c.qi = (0,0,0,0,0,0,0,0,0,0,..) ~ 0%,
C-Q = (1’ 1a 1a 1a la la 1’ la 1a la) = 1*’

C_Q_l = (05 0: 0: 0: 05 0, 0, 0, 0, 0, ) ~ 0*
C_Q_z = (0: 0: 0: 0: 0; 0, 0, 0, 0, 0, ) ~ 0*
C_Q_3 = (05 Oa Oa O’ O, O, O, O, O, O, ) ~ 0’1<

ey

e g

Chroi3 = (0,0,0,1,0,0,0,0,0,0,...) = 0%,

Cr0m = (0,0,1,0,0,0,0,0,0,0,..) ~ 0%
Cansy = (0,1,0,0,0,0,0,0,0,0,..) = 0%,
¢ = (1,0,0,0,0,0,0,0,0,0,..) = 0%,

)
Ch0 = (0,0,0,0,0,0,0,0,0,0,..) =~ 0%,



C'2Q'2 - (O’ O’ O’ OJ OJ OJ OJ OJ OJ O, ) = O*J
C'29-3 - (O’ O’ O’ O’ 07 Oa O; O; O; O; ) = O*a

e

Which agrees with:

d* = +0.000...0...;...0...0001000...0... .
o)

(ii) For (d*)™ it holds (for positive natural numbers m) that:

@™ = (10°, 10,102,103, ..., 10™, )™,

@*H™ = ((10%)™, (10"H™, (102)™, (103 )™, ..

d*™ = (1,10™, 102, 103™ ., 10 ),
(d®™ = (1, 0.000...001, 0.000...001, 0.000...001,

m -2m -3m
Written differently:
{(d*™ }0 = +...0001.0000000000... ,
{(d*™ }1 = +...0000.000...001000... ,
-m
{(d*H™ }2 = +...0000.000...001000...
-2m
{(d*™ }3 = +...0000.000...001000... ,
-3m
{(d*H™ }n = +...0000.000...001000... ,
-nm
So:
t = (J’_) +, +’ +’ A ] +J "') : +* 2

ey

¢y = (0,0,0,0,0,0,0,0,0,0,...) = 0%,
¢y = (0,0,0,0,0,0,0,0,0,0,..) = 0%,
¢» = (0,0,0,0,0,0,0,0,0,0,..) = 0%,
¢+ = (1,0,0,0,0,0,0,0,0,0,...) = 0%,
¢« = (0,2,0,0,0,0,0,0,0,0,..) =~ 0%
C = (0,2,2,0,0,0,0,0,0,0, ... 0%,
¢y = (0,2,2,2,0,0,0,0,0,0,..) = 0%,

12

S om™Mym ),

..., 0.000...001, ...) .

-nm



cee o

oo o

)

~ (0%,

C.ooms = (0,0,0,0,0,0,0,0,0,0,...) =~ 0%,
¢ = (0,0,0,0,0,0,0,0,0,0,...) =~ 0%,
¢.on = (0,0,0,0,0,0,0,0,0,0, ..
cho = LLLLLLLLLIL.

¢y = (0,0,0,0,0,0,0,0,0,0, ..

C_mQ_2 = (Oa Oa Oa Oa Oa Oa Oa Oa Oa Oa

C_mQ_3 = (O’ O’ O’ O’ O’ O’ O’ O’ O’ O’

oo o

y
)
)
)

~ 1%
*
~ 0%*,
%k
~ 0%*,

~ (0%,

To find the numbers on the places with the question marks, we have to know the exact value of m.
But this is irrelevant for establishing the connection with the previously found plausible extended
decimal notation for (d*)™. As we see, the omega-sign and the relevant omega-digits are finally
equal to omega-copies of the sign and digits of the extended decimal notation:

(d*™ = +0.000...0...;...0...0001000...0... .

-mQ

(i11) For «+0.999...9...» we per definition have:

«+0.999...9..» = (0, 0.9, 0.99, 0.999, 0.9999, 0.99999, 0.999999, ...) .

Differently written:

{«+0.999..9..»}, = +...0000.000000000...
{«+0.999..9..»}, = +...0000.900000000...
{«+0.999...9...»}, = +...0000.990000000...
{«+0.999..9..»}; = +...0000.999000000...
{«+0.999...9..»}, = +...0000.999900000...
{«+0.999..9..»}5 = +...0000.999990000...
{«+0.999..9..»} = +...0000.999999000...
So:

t=(++++++++++ ) 2+

cee o

¢« = (0,0,0,0,0,0,0,0,0,0,..) ~ 0

¢y = (0,0,0,0,0,0,0,0,0,0, ...
¢« = (0,0,0,0,0,0,0,0,0,0, ...
¢« = (0,0,0,0,0,0,0,0,0,0, ...
¢« =1(0,9,9,99990909,9,..



Cox = (0,0,9,9,9,9,9,9,9,9,..) = 9%,
C-3* = (07 05 05 95 95 95 95 95 95 95 ) = 9* >

e o

oo o

Coiz = (0,0,0,0,9,9,9,9,9,9,..) ~ 9%,
Coiy = (0,0,0,9,9,9,9,9,9,9,..) ~ 9%,
i = (0,0,9,9,9,9,9,9,9,9,..) ~ 9%,
¢y =(0,9,99990909,909,.)~ 9%,
o, = (0,0,0,0,0,0,0,0,0,0,..) ~ 0%,
o, = (0,0,0,0,0,0,0,0,0,0,..) ~ 0%,
¢qs = (0,0,0,0,0,0,0,0,0,0,..) ~ 0%,

cee o

e o

Chosz = (0,0,9,9,0,0,0,0,0,0,...) = 0%,
Cromr = (0,0,9,0,0,0,0,0,0,0,...) = 0%,
Crni1 = (0,9,0,0,0,0,0,0,0,0,..) = 0*,
C,q =(0,0,0,0,0,0,0,0,0,0,..) =~ 0*,
oy = (0,0,0,0,0,0,0,0,0,0,..) =~ 0%,
€0,y = (0,0,0,0,0,0,0,0,0,0,..) ~ 0%,
a3 = (0,0,0,0,0,0,0,0,0,0,..) ~ 0%,

cee o

Which agrees with:

«+0.999..9..» = +0.999...9...;...9...9999000...0... .
-Q

(iv) For «+0.333...3...» we per definition have:

«+0.333..3..» = (0, 0.3, 0.33, 0.333, 0.3333, 0.33333, 0.333333,...).

Differently written:

{«+0.333..3..»}, = +...0000.000000000...,
{«+0.333..3..»}; = +...0000.300000000...
{«+0.333..3..»}, = +...0000.330000000...
{«+0.333..3..»}; = +...0000.333000000...,
{«+0.333..3..»}, = +..0000.333300000...
{«+0.333..3..»}s = +...0000.333330000...,
{«+0.333..3..»}, = +...0000.333333000...,



So:

t=(++ L) 2
03; = (0,0,0,0,0,0,0,0,0,0,...) >~ 0*,
¢y = (0,0,0,0,0,0,0,0,0,0,..) = 0*,
¢« = (0,0,0,0,0,0,0,0,0,0,..) = 0*,
¢+ = (0,0,0,0,0,0,0,0,0,0,...) = 0*,
c;+=1(0,3,33,3,3,3,3,3,3,..) = 3%,
c, =(0,0,3,3,3,3,3,3,3,3,..) =~ 3%,
¢ = (0,0,0,3,3,3,3,3,3,3,...) = 3%,

ey

oo o

o = (0,0,0,0,3,3,3,3,3,3,...) = 3%,
o = (0,0,0,3,3,3,3,3,3,3,..) = 3%,

o = (0,0,3,3,3,3,3,3,3,3,..) = 3%,
co =100,3,3,3,3,3,3,3,3,3,..) = 3*,
o = (0,0,0,0,0,0,0,0,0,0,..) =~ 0*,
o, = (0,0,0,0,0,0,0,0,0,0,..) =~ 0%,
cos = (0,0,0,0,0,0,0,0,0,0,..) =~ 0%,
Chow = (0,0,3,3,0,0,0,0,0,0,...) = 0%,
Chrai = (0,0,3,0,0,0,0,0,0,0,..) = 0%,
Cras = (0,3,0,0,0,0,0,0,0,0,..) = 0%,
Chrg = (0,0,0,0,0,0,0,0,0,0,..) = 0*,
Choy = (0,0,0,0,0,0,0,0,0,0,..) =~ 0%,
Choo = (0,0,0,0,0,0,0,0,0,0,..) =~ 0%,
Chran3 = (0,0,0,0,0,0,0,0,0,0,..) = 0%,
Which agrees with:
«+0.333...3..» = +0.333...3...;...3...3333000...0... .
Q
(v) For «+5.000...0...».«+0.333...3...» we found:
«+5.000...0...».«+0.333...3..» = (0, 1.5, 1.65, 1.665, ..., 1.666...65 (forn>2), ...) .

-n

Written differently:



{«+5.000..
{«+5.000..
{«+5.000..
{«+5.000..

{«+5.000..

So:

t = (+’ +) +, +’ +, +J +’ +’ +7 +7 b

oo o

¢ = (0,0,0,0,0,0,0,0,0,0, ...
¢y = (0,0,0,0,0,0,0,0,0,0, ...
¢« = (0,0,0,0,0,0,0,0,0,0, ...
o« = (O, L1, 1L, L1 LILI,..
¢« = (0,5,6,6,6,6,6,6,6,6, ...
Co« = (0,0,5,6,6,6,6,6,6,6, ...
¢y« = (0,0,0,5,6,6,6,6, 6,6, ...

e o

cee o

oo o9

.».«+0.333
».«+0.333
».«+0.333
.».«+0.333

».«+0.333

w30}
L3y
L3
L3y

230}

0
1
2
3

n

+ + + +

_.|_

...0000.000000000...
...0001.500000000...
...0001.650000000...
...0001.665000000...

...0001.666...65000...

_|_*

2

~ 0*,
~ 0*’
~ 0*’
~ 1*’
~ 6*’
~ 6*’
~ 6*’

oz = (0,0,0,1,6,6,6,6,6,6,..) ~ 6%,
¢ = (0,0,1,6,6,6,6,6,6,6,..) ~ 6%,
¢ = (0,1,6,6,6,6,6,6,6,6,..)

co =1(0,5,55,5,5,5,5,5,5, ..
o = (0,0,0,0,0,0,0,0,0,0,
g, = (0,0,0,0,0,0,0,0,0,0,
o3 = (0,0,0,0,0,0,0,0,0,0,

cee o

oo o

)
L) 0%,
L) 0%
L) 0%,

~

~

6*,
5%,

C-ZQ+3 = (Oa Oa 65 55 O, O, Oa O, Oa Oa ) ~ 0* >
¢y = (0,1,5,0,0,0,0,0,0,0, ) =~ 0%,

Coniy = (0,5,0,0,0,0,0,0,0,0, ..
= (0,0,0,0,0,0,0,0,0,0, .
= (0,0,0,0,0,0,0,0,0,0,
= (0,0,0,0,0,0,0,0,0,0,
¢o0s = (0,0,0,0,0,0,0,0,0,0,

€0
€20-1
Co02

e o

Which agrees with:

)
y
w) 2 0%
L) 0%,
L) 0%,

~

~

0%,
0*,

(forn>2),



«+5.000...0...».«+0.333...3..» = +1.666...6...;...6...6665000...0... .

-Q

(vi) For «+4.999...9...».«+0.333...3...» we found:

{«+4.999...9..».«+0.333...
{«+4.999...9...».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9...».«+0.333...
{«+4.999...9...».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9...».«+0.333...
Differently written:
{«+4.999...9...».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9...».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9..».«+0.333...
{«+4.999...9..».«+0.333...
So:

t = (+’ +) +, +’ +, +J +’ +’ +7 +7 "') : +*

3.2}
3.0
3.0},
3.9%,
3.9,
3.9}
3.9}

¢ = (0,0,0,0,0,0,0,0,0,0,
¢ = (0,0,0,0,0,0,0,0,0,0,
¢« = (0,0,0,0,0,0,0,0,0,0,
v = (O, L,LLILIL 11 LI,
¢« = (0,4,6,6,6,6,6,6,6,6,
Cox = (0,7,4,6,6,6,6,6,6,6,
¢y = (0,0,6,4,6,6,6,6,6, 6,

=0,
=147,

= 1.6467,

= 1.664667 ,

= 1.66646667 ,

= 1.6666466667 ,
= 1.666664666667 ,

= 1.666...6664666...6667 (for n > 2)

-n -2n

I
+ 4+ + + o+ + +

I
+

...0001.666...6664666...6667000

-n -2n

2

o) 0%,
w) = 0%
) 2 0%
) 21
L) 6%,
L) 6%,
L) 6%,

oz = (0,0,0,1,6,6,6,6,6,6,...) = 6%,

...0000.00000000000000000000...
...0001.47000000000000000000...
...0001.64670000000000000000...
...0001.66466700000000000000...
...0001.66646667000000000000...
...0001.66664666670000000000...
...0001.66666466666700000000...

b

..(forn>2),



= (0,0,1,6,6,6,6,6,6,6,...) = 6%,

L) 2 AE
L) 6%
L) 6%,
) 6%,

Cawn

Coi = (0,1,6,6,6,6,6,6,6,6,..) ~ 6%,
Co = (0,4,4,4,4,4,4,4,4,4,

cqg = (0,7,6,6,6,6,6,6,06,6,

¢q, = (0,0,7,6,6,6,6,6,6,6,

¢qs = (0,0,0,7,6,6,6,6,6,6,

c_Z’Q+3 — (0,0,6,4,6,6,6,6,6,6, ...

Coary = (0,1,4,6,6,6,6,6,6,6, .

Coary = (0,4,6,6,6,6,6,6,6,6,..

Chy = (0,7,7,7,7,7,7,7,7,7, ..

¢onq = (0,0,0,0,0,0,0,0,0,0, ..
Coay = (0,0,0,0,0,0,0,0,0,0, ..
¢o0s = (0,0,0,0,0,0,0,0,0,0, ..

e o

Which agrees with:

«+4.999...9..».«+0.333..3..» = +1.666...6...;...6...6664666...6...;...6...6667000...0... .

Q -2Q

All in all, the omega-decimal development is seen to be a neatly defined generalisation of the earlier
heuristically found extended decimal notations for some simple omega-numbers.

Escultura's new real numbers and the parareal numbers

In a previous article [3] we discussed the attempt by Professor Edgar E. Escultura to design a
number system (called the new real numbers ) with 0.999... # 1. As it now appears the system of
Schmieden and Laugwitz already has this possibility. Indeed we found: «+1.000...0...» =
«+0.999..9..» +d*. Here «+1.000...0...» and «+0.999...9...» are what we have called parareal
numbers, and d* is an infinitesimal omega-number. Nevertheless, our d* has not exactly the same
properties that Escultura attributes to his d*. Thus, according to Escultura (see [4]) for all natural

numbers n > 2 we should have:

when:

= (0.999...).107T,
= d*,
=107,

N <

for all positive natural numbers T.



Let us take a look at the simplest case: n =3 and T = 1. For our parareal numbers and for the
infinitesimal omega-number d* we then get:

X = «1+0.999...9..».«+10.000...0...»,
y =d*,
z = «+10.000...0...».

So:

{x}, = 1«+0.999..9..».¢«+10.000...0..»}, ,
{x}, = {«0.999..9..»}, . {«+10.000...0..»}, ,

{x}, = (1-10%).10.

{yh = {d*},
{y} = 10%,

{z}, = 10.

Hence:

3y = O
Byt = X3 e

Sy = (1-10%) 1003 + (107%)3
S +y3 = (1-10%)3.1000 + (107%)3
S +y3 = (1-3.10%+3,(10%)2 - (10%)3) 1000 + (10°%)?

3 + 3, = 1000 - 3000.10° +3000.(10%)% - 999.(10%)3 .
2} = 1z},
3 _ 3
{Z }k - 10 s
3 _
(2%}, = 1000 .

It is easy to verify that {x> + y3}k # {23}k for k = 0. So we already know that:
X3+ y3 £,

But might there still be infinitely many values of k for which we have: {x> +y° he = {23}k? For
such k we would have:

Ky = {2,

1000 - 3000.10% +3000.(10%)2 - 999.(10%)3 = 1000,
-3000.10% +3000.(10%)2 - 999.(10%) = 0,

-3000 + 3000.10% - 999.(10%)2 = 0.



Since this is a quadratic equation in 10% and fk) = 10% isa strictly decreasing function of k, there
can be at most two values of k for which {x3 + y3}k = {23}k . Thus:

B3 A,

However, it is clear that: x> + y> =~ z>. But because we also have «+0.999..9..» =1 and d*~0,
this is nothing special.

Variants

For convenience, we based our presentation on sequences of real numbers. As a result, we got a
number system that contains all omega-copies of real numbers as well as all parareal numbers. We
could also have started with sequences of rational numbers. The construction of the usual real
numbers can then be omitted (see [14]). In this way we can get an alternative extension of the
system Q of rational numbers. In this alternative system, the parareal numbers (as sequences of
terminating decimal and therefore rational numbers) can also be defined. Because this system does
not depend on the real numbers, it could possibly be more attractive for people who insist on the
inequality of 0.999... and 1 in any system. However, we will not here consider the advantages and
disadvantages of such an approach.

Finally, we could also have made use of the non-standard analysis of Abraham Robinson (1918-
1974). This theory, just like the omega-analysis of Schmieden and Laugwitz, makes it possibly to
introduce infinitely small and infinitely great numbers [13]. One of Robinson's assistants A. Harold
Lightstone has even devised a way to give infinitely small numbers a decimal representation [10].
This looks somewhat like our approach, but there are also important differences. Lightstone's
approach is of a pronounced non-constructive character. A specific application of Robinson's non-
standard analysis to the 0.999... problem is given by Karin Usadi Katz and Mikhail G. Katz in their
A Strict Non-standard Inequality .999... < 1 [5]. However, because the foundations of non-standard
analysis are extremely abstract, it is doubtful whether a real clarification of the 0.999... problem can
thereby be achieved.

Conclusion

The above provides a simplified, coarse sketch. I have not followed Schmieden and Laugwitz to
closely. My intention has been to present the core of the omega-analysis in a very simple but still
sound way. We have not used a rigorous presentation on the basis of definitions and proofs.
Although that surely would also have been an interesting exercise! The proofs we did include,
however, give some impression. How the omega-analysis as a whole can be developed in a
mathematically sound way one can read in [8] and [14].

Nevertheless, | believe to have made it sufficiently clear that it indeed is possible to construct a
number system in which 0.999... is smaller than 1. The intuition of many that 0.999... is a 'little'
smaller than 1, thus should not simply be dismissed as nonsense. Besides that, the number system
here sketched is basically to be understood as a contribution to recreational mathematics. The
abundant discussions on the Internet on the 0.999... question frequently run around in circles where
long known arguments are endlessly repeated. It would be much more interesting - and also much
more fun! - when people would actually start designing and developing alternative number systems
in which 0.999... and 1 are unequal. In this area math enthusiasts still have a lot to discover.

Bart van Donselaar

[The original article can be found on http://wetenschap.infonu.nl/wiskunde/35856-omega-analyse-en-0999.html .]
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